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We propose the resource theory of a special antiunitary asymmetry in quantum theory. The notion of antiuni-
tary asymmetry, in particular, PT -asymmetry is different from the usual resource theory for asymmetry about
unitary representation of a symmetry group, as the PT operator is an antiunitary operator with P being any
self-inverse unitary and T being the time-reversal operations. Here, we introduce the PT -symmetric states,
PT -covariant operations and PT -asymmetry measures. For single qubit system, we find duality relations be-
tween the PT -asymmetry measures and the coherence. Moreover, for two-qubit states we prove the duality
relations between the PT -asymmetry measures and entanglement measure such as the concurrence. This gives
a resource theoretic interpretation to the concurrence which is lacking till today. Thus, the PT -asymmetry
measure and entanglement can be viewed as two sides of an underlying resource. Finally, the PT -symmetric
dynamics is discussed and some open questions are addressed.
Introduction.– Quantum resource theories [1, 2] have
played a pivotal role in the development and quantitative
understanding of various physical phenomena in quantum
physics and quantum information theory. A resource theory
consists of two basic elements: free operations and free states.
Any operation (or state) is dubbed as a resource if it falls out
of the set of free operations (or the set of free states). The
most significant resource theory is entanglement [3], which
is a basic resource for various quantum information process-
ing protocols, such as the superdense coding [4], teleportation
[5] and remote state preparation [6]. The other notable ex-
amples include the resource theories of thermodynamics [7],
asymmetry [8–14], coherence [15–22] and steering [23]. The
main advantages of having a resource theory for some phys-
ical quantity are the succinct understanding of various phys-
ical processes and operational quantification of the relevant
resources at ones disposal.
The Hermiticity is one fundamental requirement of quan-
tum mechanics for the Hamiltonian of a quantum system,
which guarantees that the energies are real and the total prob-
ability of the quantum state is conserved during the evolution
of the system. However, it has been proved that a broad class
of non-Hermitian Hamiltonian with PT -symmetry can also
have real spectra and probability conservation by redefined
inner product [24–29], where P denotes the parity operator
and T denotes the time reversal operator. This implies that
PT -symmetric theory constitutes a complex generalization of
conventional quantum mechanics [26]. Moreover, in the sys-
tem with PT -symmetric non-Hermitian Hamiltonian, a num-
ber of interesting phenomena and applications appear in both
classical and quantum regimes, such as undirectional invisibil-
ity [30–32], non-Hermitian Bloch oscillation [33, 34], perfect
∗ bkf@zju.edn.cn
† hfan@iphy.ac.cn
‡ akpati@hri.res.in
§ wjd@zju.edn.cn
laser absorbers [35–37], ultrafast quantum state transforma-
tion [38], quantum state discrimination with single-shot mea-
surement [39] and the potential violation of the no-signalling
principle [40, 41]. However, most research focus on the PT -
symmetric Hamiltonian, never consider the quantum state
with PT -symmetry. Thus, the following questions arise: how
to define a PT -symmetric quantum state, what is the physical
meaning of PT -symmetric states and how to define measures
of PT -asymmetry.
Recently, the quantification of time reversal asymmetry
[42] and CPT asymmetry [43, 44] have been considered in
antiunitary and unitary representations, respectively. How-
ever, there still remains a question in which representation
to choose those relevant operations [45]. In this work, we
use the framework of quantum resource theory to quantify
PT -asymmetry and investigate the relationship between PT -
asymmetry measures, quantum coherence and entanglement.
Note that here P is a self-inverse unitary operator (need not
be parity operator) and T is time-reversal operator. PT op-
erator can be realized as a special kind of antiunitary opera-
tor [46, 47], which is in contrast with the resource theory of
asymmetry on the unitary representation of a symmetric group
[8–14]. Thus, the resource of PT -asymmetry will be a spe-
cial kind of resource theory of antiunitary asymmetry. Though
we cannot tensor the antilinear operator with the identity op-
erator consistently, because antilinear operators are nonlocal,
nevertheless they have been used to measure entanglement of
a given bipartite state [48–53]. And there is a famous entan-
glement measure–the concurrence [49], which is indeed con-
structed from antilinear operators. It is quite satisfying that the
resource theory of antiunitary asymmetry provides a unified
view of two fundamental resources of quantum world such as
the coherence and entanglement. For single qubit, we reveal
a duality relation between the PT -asymmetry measure and
the coherence. For two-qubit pure states, we prove duality
relations between the PT -asymmetry measures and entangle-
ment measure such as the concurrence. Amazingly, we find
that the pure bipartite state is maximally entangled if and only
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2if it is PT -symmetric. Therefore, entanglement is a special
PT -symmetry in some sense. Furthermore, as K = ∗ is an
unphysical operator, that is K cannot be realized in a physical
system, then it is hard to calculate the PT -asymmetry mea-
sure. However,we show that via the embedding quantum sim-
ulator [54–59], the PT asymmetry measure can be calculated
efficiently.
PT -symmetric state. – Consider the self-inverse unitary op-
erator P and time reversal operator T , where P and T satisfy
the following condition:(1) P = P†, P2 = I , (2) T = UK,
where U is a unitary operator with U = U t and K = ∗ is
the complex conjugation and (3) [P, T ] = 0. Note that any
antiunitary operator Θ with Θ = Θ† = Θ−1 can be written
in the form VK, where V is a unitary operator with V = V t
and K is the complex conjugation with respect to a given ba-
sis. Such antiunitary operator is called conjugation and plays
an important role in quantum information theory [50, 60]. It
is easy to see that such conjugation is equivalent to the PT
operator defined above. Thus, the resource theory of PT -
asymmetry considered in this work is a special kind of ani-
tunitary asymmetry resource theory and may indicate the way
towards formulating the general resource theory of anitunitary
asymmetry.
Throughout this paper, we assume that self-inverse unitary
operator and time reversal operator always satisfy these con-
ditions. Given a quantum state ρ, once we apply the op-
erations P and T , the final state will be PT ρPT (Since
PT ρPT = PUKρKU∗P = PUρ∗U†P is a quantum state).
If the initial state is equal to the final state, that is [ρ,PT ] = 0,
then we call the state ρ is PT -symmetric state. If the initial
state is not equal to the final state, that is [ρ,PT ] 6= 0, then
we call the state ρ is PT -asymmetric. Moreover, we denote
the set of all PT -symmetric states by Sym(P, T ).
PT -covariant operation. – To characterize the quan-
tum operation which transform the PT -symmetric states to
the PT -symmetric states, we distinguish quantum operations
with and without subselection. Any quantum operation Φ
can be described using a set of Kraus operators {Kµ } with
Φ(·) = ∑µKµ(·)K†µ. The operation Φ : D(H) → D(H) is
called PT -covariant if Φ(PT (·)PT ) = PT Φ(·)PT , that is
[Φ,PT ] = 0. Such operations are denoted by ΦPT CO . (Of
course, we can also consider the PT -covariant operation with
different PT , that is Φ(P1T1(·)P1T1) = P2T2Φ(·)P2T2.)
Besides this, we also need to consider the quantum operations
with subselection. Thus, a quantum operation Φ is called se-
lective PT -covariant if the Kraus operators {Kµ } of Φ sat-
isfy Kµ(PT (·)PT )K†µ = PTKµ(·)K†µPT for any µ.
The measure of PT -asymmetry for a state. – When the
state is PT -asymmetric, that is it breaks the PT -symmetry,
we want to quantify how much the PT -symmetry is bro-
ken by the given state. Thus, we need to introduce the PT
asymmetry measure, like the entanglement measure [61, 62],
asymmetry measure [11, 14] and coherence measure [15, 16].
Now, we list the conditions that any function Γ from a state
to a real number needs to satisfy in order to be a proper PT -
asymmetry measure.
For any proper PT -asymmetry measure Γ, it needs to sat-
isfy the following conditions:
(C1) Γ(ρ,PT ) = 0 iff [ρ,PT ] = 0.
(C2) Monotone under PT -covariant operations ΦPT CO ,
that is Γ(ΦPT CO (ρ),PT ) ≤ Γ(ρ,PT ).
(C2’) Monotone under selective PT -covariant operations:∑
µ pµΓ(ρµ,PT ) ≤ Γ(ρ,PT ), where Kµ(PT (·)PT )K†µ =
PTKµ(·)K†µPT and ρµ = KµρK†µ/pµ with pµ =
Tr(KµρK
†
µ).
(C3) Convexity: Γ(
∑
n pnρn,PT ) ≤
∑
n pnΓ(ρn,PT ),
where { ρn } is a set of states and pn ≥ 0 with
∑
n pn = 1.
The condition (C1) means the PT -asymmetry measure
vanishes if and only if this state is PT -symmetric. We can
weaken this condition as (C1’): Γ(ρ,PT ) = 0 if [ρ,PT ] = 0.
Naturally, PT -asymmetry measure cannot increase under the
PT -covariant operations, thus the conditions (C2) is neces-
sary. Furthermore, the condition (C2′) implies that the av-
erage PT -asymmetry after the PT -covariant operations with
subselection cannot be greater than the PT -asymmetry of the
initial state. This condition may be important in real experi-
ment so that we list this condition here. The condition (C3)
is the convexity of the PT -asymmetry measure, which is the
requirement of any proper asymmetry monotone [11].
We now give several PT -asymmetry measures via the rel-
ative entropy, the skew information and the fidelity measures.
Relative entropy of PT -asymmetry. – The quantum rel-
ative entropy for states ρ and σ is defined as S(ρ||σ) :=
Tr (ρ log ρ) − Tr (ρ log σ). The relative entropy of PT -
asymmetry measure Γr is defined as
Γr(ρ,PT ) = min
σ∈Sym(P,T )
S(ρ||σ). (1)
First, we get a closed form expression of Γr to avoid the min-
imization and it is given by
Γr(ρ,PT ) = S(ρ||ρPT ) = S(ρPT )− S(ρ), (2)
where ρPT = 12 (ρ+PT ρPT ) is PT -symmetric and Γr ful-
fills the conditions (C1), (C2), (C2’) and (C3) as a properPT -
asymmetry measure (See Appendix A). Then, for any state
ρ, Γr(ρ,PT ) = S(ρPT ) − S(ρ) ≤ 1, as S(
∑
i piρi) ≤∑
i piS(ρi) +H({ pi }) [63] and S(PT ρPT ) = S(ρ). Since
S(
∑
i piρi) =
∑
i piS(ρi) + H({ pi }) is equivalent to that
ρi have orthogonal supports [63], then Γr(ρ,PT ) = 1 iff
ρ⊥PT ρPT .
Skew information of PT -asymmetry. – Let us define the
skew information of PT -asymmetry Γs as
Γs(ρ,PT ) : = −1
2
Tr
(
[ρ1/2,PT ]2
)
= 1− Tr
(
ρ1/2PT ρ1/2PT
)
, (3)
where [·, ·] denote the commutator and [ρ1/2,PT ]2 = ρ +
PT ρPT − 2ρ1/2PT ρ1/2PT . Note that, in the defini-
tion of Wigner-Yanase-Dyson skew information I(ρ,O) =
− 12 Tr
(
[ρ1/2, O]
)
, the operatorO is required to be an observ-
able [64], that is O must be a Hermitian, however PT is not
a linear operator, thus PT is not an observable. Therefore,
we cannot use the properties of skew information to state that
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FIG. 1. The plot shows the PT -asymmetry measure Γr (red line)
and Γs (blue line) for qubit states ρ = (1 − p)I/2 + p|ψ〉〈ψ| with
|ψ〉 = 1√
2
(|0〉 + |1〉), p ∈ [0, 1] under the unitary operator P =
σz =
(
1 0
0 −1
)
and time reversal operator T = ∗
Γs satisfy the conditions (C1), (C2), (C2’) and (C3). How-
ever, Γs still fulfills these conditions (See Appendix B). Ob-
viously, for any state ρ, Γs(ρ, PT ) ≤ 1 and the equality holds
iff ρ⊥PT ρPT .
The above two quantities Γr and Γs are proper PT -
asymmetry measures ( An example is presented in Fig.1). Of
course, there may be other possible PT -asymmetry measure,
like the PT -asymmetry measure induced by the trace norm,
the Hilbert Schmidt norm and so on. Here, we introduce an-
other interesting PT -asymmetry measure defined by the fi-
delity.
Fidelity measure of PT -asymmetry. – Let us consider the
PT -asymmetry measure defined as
ΓF (ρ,PT ) = 1− F (ρ,PT ρPT )
= 1− Tr
(√√
ρPT ρPT √ρ
)
, (4)
which fulfils the conditions (C1), (C2), (C2’) and (C3) (See
Appendix C).
Based on the proof in Proposition 7 (See Appendix B), we
have ΓF ≤ Γs. Following Ref.[50], ΓF (ρ,PT ) can be writ-
ten as
ΓF (ρ,PT ) = min
∑
k
pkΓF (ψk,PT ), (5)
where the minimum is taken over all the decomposition of
ρ =
∑
k pk|ψk〉〈ψk|. Furthermore, the optimal decomposition
can be found in Ref.[50].
Duality of PT -Asymmetry, Coherence and Entanglement.–
Given a self-inverse unitary operator P and a time reversal
operator T , for any pure state ρ = |ψ〉〈ψ|, we have
Γs(ψ,PT ) = 1− | 〈ψ| PT |ψ〉 |2, (6)
and ΓF (ψ,PT ) = 1− | 〈ψ| PT |ψ〉 |. (7)
This can be interpreted as follows. Imagine that we have two
copies of a pure state |ψ〉, and one is rotated in space by a
unitary operator P and the other is transformed under time
reversal operator T . The final states will be P |ψ〉 and T |ψ〉,
and we want to know whether these final states coincide or
not. If they coincide, then this means that the effect of the
parity operator and the time reversal operator leaves the state
|ψ〉 invariant, and we say |ψ〉 has PT -symmetry. Otherwise,
the state |ψ〉 breaks the PT -symmetry.
Moreover, the spectrum of ρPT with ρ = |ψ〉〈ψ| is
{ 12 − 12 | 〈ψ| PT |ψ〉 |, 12 + 12 | 〈ψ| PT |ψ〉 | }. Thus,
Γr(ψ,PT ) = H
(
1
2
− 1
2
| 〈ψ| PT |ψ〉 |
)
(8)
where H(p) = −p log(p)− (1− p) log(1− p) is the Shannon
entropy for the probability distribution { p, 1− p }.
Let us consider the simplest case: a single qubit system.
We take P = σx =
(
0 1
1 0
)
and T = ∗. Then for pure qubit
state |ψ〉 = (ψ1, ψ2)t, where t denotes the transpose,
Γs(ψ,PT ) = 1− | 〈ψ| PT |ψ〉 |2
= 1− |ψ1ψ2 + ψ2ψ1|2
= 1− 4|ψ1|2|ψ2|2,
and
Γr(ψ,PT ) = H(1
2
− 2|ψ1|2|ψ2|2).
Thus, a pure state ψ is PT -symmetric iff |ψ1| = |ψ2| =
1/
√
2. This suggests that there should be a connection be-
tween the quantum coherence [15] and the PT -asymmetry
measure. In fact, for a single qubit system we have dual-
ity relations between the l1-norm of coherence and the PT -
asymmetry measures as given by
Γs(ψ,PT ) + Cl1(ψ)2 = 1,
ΓF (ψ,PT ) + Cl1(ψ) = 1, (9)
where Cl1(ψ) =
∑
i 6=j |ρij | = 2|ψ1||ψ2| is the l1-norm of
coherence for a single qubit. Therefore, a maximally pure
coherent state is actually a PT -symmetric state.
However, in two-qubit system, we have two different ways
to consider the PT -asymmetry. On the one hand, we can con-
struct the P , T operators on 2-qubit system using P , T op-
erators on single qubit systems like P1T1 ⊗ P2T2. On the
other hand, we can construct P , T operators on 2-qubit sys-
tem which cannot be constructed from single qubit systems,
and this may be connected with entanglement closely.
For two-qubit pure state |Ψ〉 the famous entanglement
monotone– the concurrence [49] is defined as
C(Ψ) = | 〈Ψ|σy ⊗ σyK |Ψ〉 |. (10)
Now, we prove duality relations between the PT -asymmetry
measures and the concurrence. Using the definitions of Γs, Γr
and C(ψ) for any pure two qubit state, we have the following
theorem.
Theorem 1. Given a two-qubit system with self-inverse uni-
tary operator P = σy⊗σy and time reversal operator T = ∗,
for pure bipartite states |Ψ〉 we have
Γs(Ψ,PT ) + C(Ψ)2 = 1, (11)
ΓF (Ψ,PT ) + C(Ψ) = 1, (12)
4and
Γr(Ψ,PT ) = H
(
1
2
− 1
2
C(Ψ)
)
, (13)
where H(p) = −p log(p)− (1− p) log(1− p) is the Shannon
entropy for the probability distribution { p, 1− p } and C(Ψ)
is the concurrence for pure state |Ψ〉.
For any two-qubit mixed states ρ, the equalities may not
hold. However, we still have the following inequality:
Γs(ρ,PT ) + C(ρ)2 ≤ 1, (14)
ΓF (ρ,PT ) + C(ρ) ≤ 1, (15)
Γr(ρ,PT ) ≤ H(1
2
− 1
2
C(ρ)), (16)
where C(ρ) = min
∑
k pkC(Ψk) and the minimum is taken
over all the pure states decomposition of ρ =
∑
k pk|Ψk〉〈Ψk|
[49, 50].
In fact, we can prove the following
ΓF (ρ,PT ) + CoA(ρ) = 1, (17)
where the concurrence of assistance CoA(ρ) =
max
∑
k pkC(Ψk) and the maximum is taken over all
the pure states decomposition of ρ =
∑
k pk|Ψk〉〈Ψk|
[65, 66].
The proof of this theorem is presented in the Appendix D.
Since the concurrence quantifies the entanglement of a pure
bipartite state, thus the above proposition shows that a pure
state has more PT -symmetry with P = σy⊗σy and T = ∗ if
and only if this state is more entangled, i.e., the pure state
Ψ is a PT -symmetric state iff Ψ is maximally entangled.
Therefore, entanglement is a special kind of PT -symmetry
in some sense. Our formalism, the resource theory of antiu-
nitary asymmetry, in fact, provides a unified view of two fun-
damental resources such as the quantum coherence and the
entanglement.
To generalize these notions, we consider the relationship
betweenPT -asymmetry and entanglement in multi-qubit sys-
tem. In N-qubit system with N ≥ 2, there exists a sys-
tematic procedure to define entanglement monotone for pure
states via three operational building blocks [52, 55]: K = ∗,
σy and gijσiσj , where gij = diag {−1, 1, 0, 1 }, σ0 = I ,
σ1 = σx, σ2 = σy ad σ3 = σz . If N is even, then the sim-
plest entanglement monotone is | 〈Ψ|σ⊗Ny K |Ψ〉 | and if N is
odd, |∑ij gij 〈Ψ|σi ⊗ σ⊗N−1y K |Ψ〉 〈Ψ|σj ⊗ σ⊗N−1y K |Ψ〉 |
is the simplest entanglement monotone [52, 55]. With this
construction, for N=2, we have the entanglement monotone-
the concurrence: C(Ψ) = | 〈Ψ|σy ⊗ σyK |Ψ〉 |. For N=3, we
have the 3-tangle [51] defined as τ3(Ψ) := |
∑
ij gij 〈Ψ|σi ⊗
σ⊗2y K |Ψ〉 〈Ψ|σj ⊗ σ⊗2y K |Ψ〉 |.
Thus, we have defined entanglement monotone τN for any
N -qubit system and it is easy to see that for the even and odd
cases we have the following relations:
(i) if N = 2k, then
Γs(Ψ,P2T ) + τN (Ψ)2 = 1, (18)
Γr(Ψ,P2T ) = H
(
1
2
− 1
2
τN (Ψ)
)
, (19)
where P2 = σ⊗Ny , T = ∗ and H(p) = −p log(p) − (1 −
p) log(1 − p) is the Shannon entropy for the probability dis-
tribution { p, 1− p }.
(ii) if N = 2k + 1, then
τN (Ψ) = | − Γs(Ψ,P0T ) + Γs(Ψ,P2T )
+Γs(Ψ,P3T )− 1|, (20)
where Pi = σi ⊗ σ⊗N−1y and T = ∗.
Since K = ∗ is an unphysical operator, one may
think that we need to perform full tomography to calculate
〈Ψ| PT |Ψ〉 = 〈Ψ| PUK |Ψ〉 [54, 55]. However, based on the
embedding quantum simulator (EQS), such quantity can be
calculated efficiently [54, 55]. This technique of embedding
quantum simulator [54–59] is described as follows: define a
mappingM : Cd → R2d as
|Ψ〉 =

ψ1re + iψ
1
im
ψ2re + iψ
2
im
ψ3re + iψ
3
im
...
 −→ |Ψ˜〉 =

ψ1re
ψ2re
ψ3re
...
ψ1im
ψ2im
ψ3im
...

(21)
The reverse mapping is given by |Ψ〉 = M |Ψ˜〉, with M =
(1, i)⊗ Id and K |Ψ〉 = M(σz ⊗ Id) |Ψ˜〉. Thus, one has
〈Ψ| PUK |Ψ〉 = 〈Ψ˜|M†PUM(σz ⊗ Id) |Ψ˜〉 . (22)
By the embedding quantum simulator, the quantity
| 〈Ψ| PT |Ψ〉 | can be calculated efficiently, which means
the PT -asymmetry measures such as Γr,Γs,ΓF can be
calculated efficiently (see Fig. 2 ).
|0〉
|Ψ〉
|Ψ〉
•
P
UM σz ⊗ I M−1
SWAP
H H
FIG. 2. A quantum network for estimation of PT -asymmetry. The
probability of finding the control qubit (the top line) in state |0〉: p0
depends on the PT asymmetry of |Ψ〉 [67, 68], that is p0 = (1 +
| 〈Ψ| PT |Ψ〉 |2)/2, where T = UK.
Conclusion.– To summarize, here we have developed the
resource theory of a special kind of antiunitary asymmetry,
namely, the PT -asymmetry with P being any self-inverse
unitary and T being the time-reversal. We have introduced
5the notion of PT -symmetric states, PT -covariant operations
and PT -asymmetry measures. We give several interesting
PT -asymmetry measures which are induced from different
distance measures. Most importantly, we have proved the
duality relations between the PT -asymmetry measures, co-
herence and concurrence. This also gives new interpretations
to quantum coherence and entanglement, which are special
PT -symmetries in some sense, thus unifying two fundamen-
tal resources of quantum world. Furthermore, we have ar-
gued that via the embedding quantum simulator, the PT -
asymmetry measures can be calculated efficiently. Finally,
we have discussed thePT -symmetric dynamics and proposed
several open problems. Our findings will open up new ways of
thinking about quantum coherence and entanglement from an-
other resource theoretic point of view, i.e., thePT -asymmetry
measures. The PT -asymmetry is a just special kind of antiu-
nitary asymmetry resource theory and may pave the way to a
general antiunitary asymmetry resource theory.
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Appendix A: Relative entropy of PT -asymmetry
To prove the properties of Γs, we need the following
lemma, which is not trivial, as PT is antilinear operator.
Lemma 2. Given the self-inverse unitary operatorP and time
reversal operator T , for any two Hermitian operators Q and
S, we have
Tr (QPT SPT ) = Tr (PT QPT S) . (A1)
Proof. Due to the spectral decomposition Theorem, Q and S
can be written asQ =
∑
i λi|ψi〉〈ψi| and S =
∑
j µj |φj〉〈φj |,
respectively. Thus, we have
Tr (QPT SPT )
=
∑
ij
λiµj Tr
(|ψi〉〈ψi|PUK|φj〉〈φj |KU†P)
=
∑
ij
λiµj | 〈ψi| PU |φ∗j 〉 |2,
where the first equality comes from the fact that T = UK,
where U is a unitary operator with U = U t and K = ∗. Simi-
larly, we have
Tr (PT QPT S) =
∑
ij
λiµj | 〈φj | PU |ψ∗i 〉 |2.
Hence, to prove Tr (QPT SPT ) = Tr (PT QPT S), we
only need to prove that for any two pure states |ψ〉 and |φ〉
| 〈ψ|V |φ∗〉 | = | 〈φ|V |ψ∗〉 |, (A2)
where V = PU is a unitary operator. Moreover, since P =
T PT = UKPUK = UP∗U∗, then P ∗U∗ = U†P = U†P†,
which implies that U tPt = PU . That is, V t = V . Therefore,
| 〈ψ|V |φ∗〉 | = | 〈φ∗|V † |ψ〉 | = | 〈φ|V |ψ∗〉 |
Proposition 3. Given the self-inverse unitary operator
P and time reversal operator T , let Γr(ρ,PT ) =
minσ∈Sym(P,T ) S(ρ||σ), then we have
Γr(ρ,PT ) = S(ρ||ρPT ) = S(ρPT )− S(ρ), (A3)
where ρPT = 12 (ρ+ PT ρPT ) is PT -symmetric.
Proof. Since it involves the complex conjugation K, taking
trace may be complicated. As for any linear operator A,
KAK = A∗ and Tr (A∗) 6= Tr (A) in general, thus we need
be more careful to deal with taking trace here. However, due
to Lemma 2, for any two Hermitian operators Q and S, we
have
Tr (QPT SPT ) = Tr (PT QPT S) . (A4)
Then we follow the approach in [10, 11] to complete the proof.
Due to the fact that S(ρ||σ) ≥ 0 and S(ρ||σ) = 0 iff σ = ρ,
thus
Tr (ρ log σ) ≤ Tr (ρ log ρ) (A5)
wehre the equality holds iff σ = ρ, which implies that
maxσ Tr (ρ log σ) = Tr (ρ log ρ).
First, for any PT -symmetric state σ, we have
Tr (PT ρPT log σ) = Tr (ρPT log σPT ) = Tr (ρ log σ) ,
where the first equality comes from the equation (A4) and the
second equality comes from the fact that σ is PT -symmetric.
Hence, we have
Tr (ρ log σ)
=
1
2
Tr (ρ log σ) +
1
2
Tr (PT ρPT log σ)
= Tr
(
ρPT log σ
)
, (A6)
7where ρPT = 12 (ρ+PT ρPT ). Thus, for the PT -symmetric
state ρPT , S(ρ||ρPT ) = Tr (ρ log ρ) − Tr (ρ log ρPT ) =
Tr (ρ log ρ)− Tr (ρPT log ρPT ) = S(ρPT )− S(ρ).
Next, we show that minσ∈Sym(P,T ) S(ρ||σ) = S(ρ||ρPT ).
min
σ∈Sym(P,T )
S(ρ||σ)
= min
σ∈Sym(P,T )
[Tr (ρ log ρ)− Tr (ρ log σ)]
= Tr (ρ log ρ)− max
σ∈Sym(P,T )
Tr (ρ log σ)
= Tr (ρ log ρ)− max
σ∈Sym(P,T )
Tr
(
ρPT log σ
)
= Tr (ρ log ρ)− Tr (ρPT log ρPT )
= S(ρPT )− S(ρ),
where the third equality comes from (A6) and the fourth
equality comes from the inequality (A5). Therefore, the proof
of the proposition is completed.
Proposition 4. Given the self-inverse unitary operator P and
time reversal operator T , then Γr satisfy the conditions (C1),
(C2), (C2’) and (C3), so it is a proper PT -asymmetry mea-
sure.
Proof. Since S(ρ||σ) = 0 iff ρ = σ, thus Γr satisfy (C1).
Besides, as the relative entropy is contracted under quantum
operations [69] and jointly convex [70], then Γr satisfy the
conditions (C2) and (C3). Moreover, we use the the tech-
niques in Ref.[11, 15] to prove that Γr satisfy the condition
(C2’).
Take a special self-inverse unitary operator P0 = I and a
time reversal operator T0 = ∗, then it is easy to see that there
exist a set of orthonormal pure states { | µ〉 }µ with |µ〉〈µ| ∈
Sym(P0, T0). For any selective PT -covariant operation Φ
with Kµ(PT (·)PT )K†µ = PTKµ(·)K†µPT for any µ, it is
easy to verify that the quantum operations Φ˜ with Kraus oper-
ators K˜µ = |µ〉 ⊗Kµ is selective PT -covariant with respect
to (P, T ) and (P0 ⊗ P, T0 ⊗ T ), that is, K˜µPT ρPT K˜†µ =
PT K˜µρK˜†µPT . Thus Φ˜(ρ) =
∑
µ pµ|µ〉〈µ| ⊗ ρµ, where
ρµ = KµρK
†
µ/pµ with pµ = Tr(KµρK
†
µ). As we have
proved that Γr satisfies the condition (C2), which implies that
Γr(
∑
µ pµ|µ〉〈µ|⊗ρµ,P0T0⊗PT ) ≤ Γr(ρ,PT ). Moreover,
Γr(
∑
µ
pµ|µ〉〈µ| ⊗ ρµ,P0T0 ⊗ PT )
= S(
∑
µ
pµ|µ〉〈µ| ⊗ ρPTµ )− S(
∑
µ
pµ|µ〉〈µ| ⊗ ρµ)
=
∑
µ
pµS(ρ
PT
µ )−
∑
µ
pµS(ρµ)
=
∑
µ
pµΓr(ρµ,PT ). (A7)
where the first equality comes from the Proposition 3 and the
second equality comes from the following fact:
S(
∑
i
pi|i〉〈i| ⊗ ρi) =
∑
i
piS(ρi) +H({ pi }), (A8)
where { | i〉 } is a set of othornormal pure sates and
H({ pi }) =
∑
i−pi log pi is the Shannon entropy of the
probability distribution { pi }. Therefore, Γr satisfies the con-
dition (C2′), that is, Γr is a proper PT -asymmetry measure.
Lemma 5. The measure Γr is additive, that is
Γr(ρ⊗ σ,PT ⊗ P ′T ′) = Γr(ρ,PT ) + Γr(σ,P ′T ′)
(A9)
Proof. This comes directly from the representation (A3) of
Γr.
Lemma 6. The relative entropy of PT -asymmetry is asymp-
totically continuous, i.e., for ‖ρ− σ‖1 ≤  ≤ 1/e, then
|Γr(ρ,PT )− Γr(σ,PT )| ≤ 2 log d+ 2η(), (A10)
where d is the dimension of the system and η() = − log .
Proof. Due to ‖ρ− σ‖1 ≤ , we have
∥∥ρPT − σPT ∥∥
1
≤ .
Then by Fannes’ inequality [71] and (A3), we get the desired
result.
Appendix B: Skew information of PT -asymmetry
Proposition 7. Given the self-inverse unitary operator P and
time reversal operator T , then Γs satisfy the conditions (C1),
(C2), (C2’) and (C3), so it is a proper PT -asymmetry mea-
sure.
Proof. If [ρ,PT ] = 0, then obviously Γs(ρ) = 0.
So we only need to prove the inverse direction. Since
PT ρ1/2PT = PUKρ1/2KU∗P = PU(ρ1/2)∗U†P is pos-
itive and (PT ρ1/2PT )2 = PT ρPT , then PT ρ1/2PT
is the square root of the quantum state PT ρPT . Be-
sides, Tr
(
ρ1/2PT ρ1/2PT ) ≤ Tr(|ρ1/2PT ρ1/2PT |) =
F (ρ,PT ρPT ), where for any two states ρ1 and ρ2,
F (ρ1, ρ2) := Tr
(
|ρ1/21 ρ1/22 |
)
. That is, Γs(ρ,PT ) ≥ 1 −
F (ρ,PT ρPT ). As Γs(ρ,PT ) = 0, then F (ρ,PT ρPT ) =
1 which means ρ = PT ρPT . Thus Γs satisfy the condition
(C1).
Since PT ρ1/2PT is the square root of the quantum state
PT ρPT , then Γs(ρ,PT ) = 1 − Tr
(
ρ1/2(PT ρPT )1/2).
The convexity of Γs:
Γs(pρ+ (1− p)σ,PT ) ≤ pΓs(ρ,PT ) + (1− p)Γs(σ,PT )
comes from the following famous result [72]:
Tr
(
(pρ1 + (1− p)ρ2)α(pσ1 + (1− p)σ2)1−α
)
≥ pTr (ρα1σ1−α1 )+ (1− p) Tr (ρα2σ1−α2 ) .
where ρ1, ρ2, σ1, σ2 are quantum states and p, α ∈ [0, 1].
8Besides, for the quantity Dα(ρ1, ρ2) = Tr
(
ρα1 ρ
1−α
2
)
with
α ∈ (0, 1), it holds that [73]:
Dα(ρ1, ρ2) ≤ Dα(Φ(ρ1),Φ(ρ2)) (B1)
where Φ is a quantum operation. Take α = 1/2, then we will
find that Γs satisfies the condition (C2).
Finally, similar to proof in Proposition 2, we take a special
self-inverse unitary operator P0 = I and time reversal oper-
ator T0 = ∗ with a set of orthonormal pure states { | µ〉 }µ,
|µ〉〈µ| ∈ Sym(P0, T0). For any selective PT -covariant op-
eration Φ with Kµ(PT (·)PT )K†µ = PTKµ(·)K†µPT for
any µ, it is easy to verify that the quantum operations Φ˜
with Kraus operators K˜µ = |µ〉 ⊗ Kµ is selective PT -
covariant with respect to (P, T ) and (P0 ⊗ P, T0 ⊗ T ), thus
Φ˜(ρ) =
∑
µ pµ|µ〉〈µ| ⊗ ρµ, where ρµ = KµρK†µ/pµ with
pµ = Tr(KµρK
†
µ). As we have proved that Γr satisfies
the condition (C2), which implies that Γs(
∑
µ pµ|µ〉〈µ| ⊗
ρµ,P0T0 ⊗PT ) ≤ Γs(ρ,PT ). Moreover, it is easy to verify
that
Γs(
∑
µ
pµ|µ〉〈µ| ⊗ ρµ,P0T0 ⊗ PT )
=
∑
µ
pµΓs(ρµ,PT ). (B2)
Hence, the condition (C2’) holds for Γs.
Appendix C: Geometric measure of PT asymmetry
Proposition 8. Given the self-inverse unitary operator P and
time reversal operator T , then ΓF satisfy the conditions (C1),
(C2), (C2’) and (C3), so it is a proper PT -asymmetry mea-
sure.
Proof. (C1) is obvious, since F (ρ,PT ρPT ) = 1 iff ρ =
PT ρPT . The convexity (C3) of ΓF comes from the joint
concavity of fidelity (See [74] and the reference therein ). As
fidelity is non-decreasing under CPTP maps (See [74] and
the reference therein ), thus ΓF satisfies the condition (C2).
Moreover, using a similar method as the proof in Γr and Γs,
we can prove the condition (C2’). Take a special self-inverse
unitary operator P0 = I and a time reversal operator T0 = ∗
with a set of orthonormal pure states { | µ〉 }µ, |µ〉〈µ| ∈
Sym(P0, T0). For any selective PT -covariant operation Φ
with Kµ(PT (·)PT )K†µ = PTKµ(·)K†µPT for any µ, it is
easy to verify that the quantum operations Φ˜ with Kraus oper-
ators K˜µ = |µ〉⊗Kµ is selectivePT -covariant with respect to
(P, T ) and (P0⊗P, T0⊗T ), thus Φ˜(ρ) =
∑
µ pµ|µ〉〈µ|⊗ρµ,
where ρµ = KµρK†µ/pµ with pµ = Tr(KµρK
†
µ). As we have
proved that Γr satisfies the condition (C2), which implies that
ΓF (
∑
µ pµ|µ〉〈µ| ⊗ ρµ,P0T0 ⊗ PT ) ≤ ΓF (ρ,PT ). More-
over, it is easy to verify that
ΓF (
∑
µ
pµ|µ〉〈µ| ⊗ ρµ,P0T0 ⊗ PT )
=
∑
µ
pµΓF (ρµ,PT ). (C1)
Hence, the condition (C2’) holds for ΓF .
Lemma 9. The PT asymmetry measure ΓF is continuous,
that is
|ΓF (ρ,PT )− ΓF (σ,PT )| ≤ 2
√
‖ρ− σ‖1. (C2)
Proof.
|ΓF (ρ,PT )− ΓF (σ,PT )|
= |F (ρ,PT ρPT )− F (σ,PT σPT )|
≤ |F (ρ,PT ρPT )− F (ρ,PT σPT )|
+ |F (ρ,PT σPT )− F (σ,PT σPT )|
≤
√
1− F (PT ρPT ,PT σPT )2 +
√
1− F (ρ, σ)2
= 2
√
1− F (ρ, σ)2 ≤ 2
√
2
√
1− F (ρ, σ)
≤ 2
√
‖ρ− σ‖1.
where the second inequality comes from [75] and the last
inequality comes from the Fuchs-van de Graaf inequality
[76].
Appendix D: Duality of PT -Asymmetry and Entanglement
Theorem 10. Given a two-qubit system with the self-inverse
unitary operator P = σy ⊗ σy and time reversal operator
T = ∗, for pure bipartite states |Ψ〉 we have
Γs(Ψ,PT ) + C(Ψ)2 = 1, (D1)
ΓF (Ψ,PT ) + C(Ψ) = 1, (D2)
and
Γr(Ψ,PT ) = H
(
1
2
− 1
2
C(Ψ)
)
(D3)
where H(p) = −p log(p) − (1 − p) log(1 − p) is Shannon
entropy for the probability distribution { p, 1− p } and C(Ψ)
is the concurrence for pure state Ψ.
For any two-qubit states ρ, the equalities may not hold.
However, we still have the following inequality:
Γs(ρ,PT ) + C(ρ)2 ≤ 1, (D4)
ΓF (ρ,PT ) + C(ρ) ≤ 1, (D5)
Γr(ρ,PT ) ≤ H(1
2
− 1
2
C(ρ)), (D6)
where C(ρ) = min
∑
k pkC(Ψk) and the minimum is taken
over all the pure states decomposition of ρ =
∑
k pk|Ψk〉〈Ψk|
[49, 50].
9In fact,
ΓF (ρ,PT ) + CoA(ρ) = 1 (D7)
where the concurrence of assistance CoA(ρ) =
max
∑
k pkC(Ψk) and the maximum is taken over all
the pure states decomposition of ρ =
∑
k pk|Ψk〉〈Ψk|
[65, 66].
Proof. The equations (D1), (D2), (D3) come directly from (6),
(8) and (10) when P = σy ⊗ σy and T = ∗. Thus we only
need to verify that P = σy ⊗ σy and T = ∗ satisfy these
three condition. Obviously, σy ⊗ σy = (σy ⊗ σy)† and (σy ⊗
σy)
2 = I = T 2. Furthermore, as KσyK = σ∗y = −σy , then
K(σy ⊗ σy)K = σy ⊗ σy .
Due to the convexity of Γs and C(ρ), thus for any
pure state decomposition of ρ =
∑
k pk|Ψk〉〈Ψk|, we have
Γs(ρ,PT ) ≤
∑
k pkΓs(Ψk,PT ) andC(ρ) ≤
∑
k pkC(Ψk).
Based on the convexity of f(x) = x2, we have C(ρ)2 ≤∑
k pkC(Ψk)
2. Therefore, due to the equality (D1), we get
the inequality (D4).
Similarly, (D5) comes directly from the convexity of ΓF
and C(ρ). And (D6) also comes from the convexity of Γr,
C(ρ) and the concavity of Shannon entropy H , as for any
pure states decomposition of ρ =
∑
k pk|Ψk〉〈Ψk|,
Γr(ρ,PT ) ≤
∑
k
pkΓr(Ψk,PT )
=
∑
k
pkH(
1
2
− 1
2
C(Ψk))
≤ H(1
2
− 1
2
∑
k
pkC(Ψk))
≤ H(1
2
− 1
2
C(ρ)).
Finally, (D7) comes directly from the definition of concur-
rence of assistance (CoA) and Eq.5.
Appendix E: PT -symmetric dynamics
Consider the unitary operator V which is PT -covariant,
that is
PT V ρV †PT = V PT ρPT V †, for any ρ, (E1)
then
V PT = eiθPT V. (E2)
Besides, the unitary operator V is called PT -invariant uni-
tary if [V,PT ] = 0. If [V,PT ] = 0, then [V †,PT ] = 0.
Note that, if the Hamiltonian H satisfying {H,PT } =
0 where {A,B } = AB + BA, then the unitaries eiHt
satisfy[eiHt,PT ] = 0.
Similar to entanglement [77] and coherence [78], we can
also consider the state transformation underPT -covariant op-
eration.
Proposition 11. Pure state |ψ〉 can be transformed to
|φ〉 under selective PT -covariant operations if and only if
| 〈ψ| PT |ψ〉 | ≤ | 〈φ| PT |φ〉 |.
Proof. The ”only if” part is obvious, we only need to prove the
”if” part. Define HPT = { | ψ〉 ∈ H : PT | ψ〉 = | ψ〉 },
then HPT is a real Hilbert space with dimHPT = dimH
[50, 60]. Thus the basis of HPT is also a basis of H, which
is called PT -invariant basis. Here we use { | i〉O }di=1 and
{ | i〉N }di=1 to denote the initial given basis of H and thePT -invariant basis, |ψ〉O and |ψ〉N to denote the represen-
tation of state |ψ〉 in the basis { | i〉O }di=1 and { | i〉N }di=1,
respectively. Obviously, there exists a unitary operator U such
that |ψ〉N = U |ψ〉O for any ψ. Besides, the PT operator in
the new basis { | i〉N }di=1 is equivalent to the complex con-
jugation with respect to this basis, denoted by KN . Then
PT |ψ〉O = KN |ψ〉N and 〈ψ| PT |ψ〉 ≡ 〈ψ| PT |ψ〉O =〈ψ| KN |ψ〉N = 〈ψ|U†KNU |ψ〉O, which implies that PT =
U†KNU . Thus | 〈ψ| PT |ψ〉 | ≤ | 〈φ| PT |φ〉 | is equivalent
to | 〈ψ| KN |ψ〉N | ≤ | 〈φ| KN |φ〉N |. Due to Ref.[42], there
exists a CPTP map Φ with Kraus operators {Kµ } such that
[Kµ,KN ] = 0 and Φ(|ψ〉〈ψ|N ) = |φ〉〈φ|N . Therefore, in
the initial given basis { | i〉O }di=1, the quantum operation Φ˜
with K˜µ = U†KµU satisfy the conditions [K˜µ,PT ] = 0 and
Φ˜(|ψ〉〈ψ|) = |φ〉〈φ|.
The PT -asymmetry measure introduced here is connected
with the time reversal symmetry monotone in [42] up to a
unitary. However, it is hard to find the unitary U such that
Γ(ρ,PT ) = Γ(UρU†,KN ) where KN is the complex conju-
gation with the PT -invariant basis. And such a unitary, espe-
cially a global unitary on the composite system, may ruin the
nonlocality of PT -symmetry.
Except the PT -covariant operations, we can also con-
sider the operations which map the PT -symmetric state to
PT -symmetric state, that is Φ(Sym(P, T )) ⊂ Sym(P, T ).
Such operations are called PT -preserving operations. Obvi-
ously, all PT -covariant operations are PT -preserving opera-
tions. Moreover, for any operations Φ =
∑
µKµ(·)K†µ with
Kµ(Sym(P, T ))K†µ ⊂ Sym(P, T ), we call such operation
selective PT -preserving operations, which is similar to the
definition of incoherent operations [15]. We can weaken the
conditions (C2) and (C2’) to the following conditions:
(C2a) Monotone under PT -preserving operations ΦPT pre ,
that is Γ(ΦPT pre(ρ),PT ) ≤ Γ(ρ,PT ).
(C2’a) Monotone under selective PT -preserving oper-
ations, that is
∑
µ pµΓ(ρµ,PT ) ≤ Γ(ρ,PT ), where
KµSym(P, T )K†µ ⊂ Sym(P, T ) and ρµ = KµρK†µ/pµ
with pµ = Tr(KµρK†µ).
Therefore, we can also consider the PT -asymmetry mono-
tone which satisfy the conditions (C1), (C2a), (C2a’) and
(C3), which will be explored in a future work.
